Abstract: The analysis of the behavioral and social implications of the intensity of moral sentiments requires that these emotions be quanti…ed. In this paper we quantify the intensity of individual sense of fairness in the context of the model of Karni and Safra (2000) . That model depicts selfinterest seeking individuals endowed with intrinsic sense of fairness, who must choose among alternative random allocation procedures to determine who, among a group of eligible individuals, will be given ownership of an indivisible good . For such individuals we develop measures of the intensity of their sense of fairness and explore their behavioral characterization.
Introduction
Individuals who share the same moral values may di¤er in terms of the intensity of their moral sentiments. Other things equal some individuals may experience a more intense sense of grati…cation when acting virtuously or su¤er more when acting unvirtuously than others. Presumably, these di¤erences in the intensity of moral sentiments manifest themselves in individual behavior and, consequently, are of interest to social scientists as well as moral philosophers. However, the analysis of the behavioral and social implications of the intensity of moral sentiments requires that these emotions be quanti…ed. In this paper we address the issue of quantifying the intensity of individual sense of fairness in the context of the model of Karni and Safra (2000) . In that paper we introduced an axiomatic model depicting self-interest-seeking persons, endowed with intrinsic sense of fairness, who must choose among alternative lots for selecting a winner of an indivisible good from a group of eligible individuals. For such persons, we develop, in this paper, measures of the intensity of his senses of fairness and point out their behavioral characterization.
Our approach is analogous to that used by Pratt (1964) and Arrow (1965) in the development of measures of risk aversion in the theory of individual decision making under risk. As in the theory of risk aversion, the development of measures of the intensity of the sense of fairness involve two distinct steps. The …rst is to de…ne the sense in which one individual may be considered to have a stronger sense of fairness than another (i.e., to de…ne the binary relation "possessing a stronger sense of fairness"). The second step is to characterize this relation in terms of the properties of the corresponding utility functions.
As in the theory of risk aversion, the problem is complicated by the multidimensionality of the choice space and the possible disagreement of the ordinal preferences of the individuals being compared (see Kihlstrom and Mirman (1974) and Karni (1979) ). We separate the issues of the ordinal and cardinal comparability of the sense of fairness by restricting the comparisons to individuals who agree on the de…nition of fairness and whose sel…sh preferences are ordinally comparable.
1 For comparable individuals we introduce equivalent conditions that capture the idea of having a stronger sense of fairness. We then show that our measures of the intensity of the sentiment of fairness have intuitively appealing behavioral characterizations. Broadly speaking, possessing stronger sense of fairness is equivalent to choosing a fairer allocation procedure, even when this choice entails a larger sacri…ce of self-interest.
The remainder of this paper is organized as follows: In the next section we describe brie ‡y the analytical framework. In Section 3 we develop measures for interpersonal comparison of the sense of fairness and examine their behavioral characterization. Concluding remarks appear in Section 4.
The Model
We review brie ‡y the analytical framework and main results of Karni and Safra (2000) .
Preliminaries
A society consisting of N = f1; :::; ng; n > 2; eligible individuals faces the need to allocate among its members one unit of an indivisible good. Denote by e i ; the unit vector in R n ; the ex post allocation in which individual i is assigned the good. Let X = fe i j 1 · i · ng be the set of ex post allocations and let P = ¢ (X) be the (n ¡ 1)-dimensional simplex representing the set of all probability distributions on X: In the present context P has the interpretation of the set of allocation procedures. We assume that P is endowed with the R n¡1 topology. Each individual in this society is represented by two binary relations on P , the relation <; which represents his actual choice behavior, and the relation < F ; representing his notion of fairness. The binary relation < has the usual interpretation: for any pair of allocation procedures p and q in P; p < q means that, if he were to choose between p and q, the individual would choose p or would be indi¤erent between the two. The strict preference relation, Â; and the indi¤erence relation, »; are de…ned as usual. For the binary relation, < F ; p < F q has the interpretation that the allocation procedure p is at least as fair (just) as the allocation procedure q: The strictly fairer relation, Â F ; and the equally fair relation, » F ; are de…ned as usual.
In general, the notion of fairness may be subjective or objective. In the latter case it may be interpreted as a social norm commonly shared by all the members of a given society. We assume that this moral judgment, whether subjective or objective, is intrinsic and, jointly with concern for self-interest, governs the individual's choice among allocation procedures. Put di¤erently, moral judgement is an inherent aspect of the individual preference relation, <.
Utility representations
Taking the preference relation and the fairness relation as primitives we derived (in Karni and Safra, 2000) the self-interest motive implicit in the individual choice behavior. Loosely speaking, an allocation procedure p is preferred over another allocation procedure q from a sel…sh point of view if the two allocation procedures are equally fair and p is preferred over q. We denote by < S the derived binary relation representing the self-interest component of the preference relation < :
We identi…ed a set of axioms (including quasi-concavity of < F ) that is equivalent to the existence of an a¢ne function · : P ! R representing < S , a function ¾ : P ! R strictly quasi-concave on intP; representing the fairness relation < F ; and a utility function V representing the preference relation < that is a function of the self-interest and the fairness representations. More speci…cally, we proved the existence of a function V : f(·¢ p; ¾ (p) j p 2 P g ! R such that, for all allocation procedures p; q 2 P;
(Note that, with a little abuse of notations, · also denote the gradient of the function ·.)
We also speci…ed conditions (including quasi-concavity of <) under which the function V is additively separable in the self-interest and fairness components. In other words, we speci…ed axioms that are equivalent to the existence of and a monotonic increasing function h : R ! R such that, for all p; q 2 P ,
This representation is unique in the sense that if ³h ;k;3´is another triple of functions corresponding to <; < S ; and < F as above then h ± k = bh ±k + a; and ¾ = b3 + c; b > 0: This implies that, without loss of generality, · can be chosen such that k · k= 1. An important feature of the additively separable model is that indi¤erence sets of < and of < F are connected. Henceforth we assume that V; h and ¾ are continuously di¤erentiable.
Interpersonal Comparisons
In this section we explore the meaning of the relation "possessing a stronger sense of fairness", develop alternative representations of this relation, and depict its behavioral characterization.
Notations and de…nitions
We de…ne the following sets for the preference relation <: For each p 2 P; 
For comparable preference-fairness relations it seems natural to de…ne one preference relation as displaying a stronger sense of fairness than another if, given any allocation procedure p, every other allocation procedure that is less fair than p and is acceptable to the former is acceptable to the latter. Formally, De…nition 1 Let the preference-fairness relations (<; < F ) and ¡< ;< F ¢ be comparable. The preference-fairness relations pair (<; < F ) is said to possess a stronger sense of fairness than ¡< ;< F ¢ if, for every allocation procedure
The set A (p) describes the allocation procedures that are acceptable to < and are (weakly) less fair than p according to the fairness relation < F . Yaari's (1969) de…nition of the partial ordering "totally more risk averse than" in the theory of decision making under risk. According to Yaari's de…nition one preference relation is totally more risk averse than another if, starting from any bet on a given event, the set of additional acceptable bets on the same event according to the former is contained in that of the latter.
Similarly forÂ (p). This de…nition is analogous to
2 In Yaari's framework bets are analogous to allocation procedures in our model and the addition of bets on the same event is analogous to replacing one allocation procedure by another that is less fair. Our de…nition requires that, starting from any given allocation procedure, any other allocation procedure that is less fair and is acceptable to the individual whose sense of fairness is stronger is also acceptable to a comparable individual whose sense of fairness is weaker.
An alternative approach to quantifying the sense of fairness is to measure the willingness to sacri…ce one's material self-interest to attain a fairer allocation procedures. This is analogous to Pratt's (1964) notion of risk premium in the theory of individual decision making under risk. A formal de…nition of the fairness-premium requires an explicit consideration of the utility representation. In the sequel we de…ne the notion of fairness-premium in the context of the additive and nonadditive utility models and show that it constitutes a criterion of interpersonal comparison of the sense of fairness equivalent to the set-inclusion criterion in De…nition 1.
Interpersonal comparisons with additive utility
Consider …rst the additively separable utility model. Let (<; < F ) and ¡< ;< F ¢ be comparable preference-fairness relations with corresponding functions (h; ·; ¾) and ³ĥ ; ·;3´, respectively. An immediate implication of comparability is that there exist monotonic increasing functions f and
To de…ne the fairness-premium in this model …x an initial allocation procedure p and suppose that it is perturbed by a variation v satisfying
3 The fairness-premium is the maximal sacri…ce of self-interest an individual is willing to make to restore the initial level of fairness. Moreover, if for every allocation procedure p and any fairness-reducing variation v one individual is always willing to make greater sacri…ce of his selfinterest to restore the initial level of fairness then another individual then, intuitively speaking, the former individual has a stronger sense of fairness. In other words, for comparable individuals, the fairness-premium provides a way of measuring the intensity of the sense of fairness. Formally, we de…ne the fairness-premium function in the following way:
First, let E (p) ½ R n be the set of variations v satisfying p + v 2 P , ¾ (p)3 (p + v) ; and for which the equation
is valid for some q 2 I F (p) (Figure 1 below illustrates this idea for the case
p is the most fair allocation procedure).
Place Figure 1 here Then the fairness premium function ¼ :
Using the equality ¾ (q) = ¾ (p), equation (1) can be rewritten as
We show next that the de…nition of the relation "possessing stronger sense of fairness" has several equivalent expressions, including having a larger fairness-premium function. To set the stage we introduce the following additional notations and de…nitions and prove a preliminary result (Lemma 2). Let r`denote the gradient of a function`and let r v`( u; v) denote the vector of partial derivatives of`(u; ¢) with respect to the coordinates of v. An allocation procedure q is utility increasing reduction in fairness relative to p given (h; ·; ¾) if h(· ¢ q) + ¾ (q)¸h(· ¢ p) + ¾ (p) and ¾ (p)¸¾ (q) : An allocation procedure q is a path-utility increasing reduction in fairness relative to p given remark at the end of this subsection.
(h ± ·; ¾) if there exists a connected path p (¢) satisfying p (0) = p and p (1) = q such that, for all ® 2 (0; 1) ; h
Lemma 2 Let (<; < F ) and ¡< ;< F ¢ be comparable preference-fairness relations with corresponding functions (h; ·; ¾) and ³ĥ ; ·;3´, respectively. Suppose that the functions f and
If q is a path-utility increasing reduction in fairness relative to p given (h; ·; ¾) then it is utility increasing reduction in fairness relative to p given ³ĥ ; ·;3´.
Proof. Let q be a path-utility increasing reduction in fairness relative to p given (h; ·; ¾) and let p (¢) be the path that connects them. Thus, p 0 (¢) d® is an in…nitesimal utility increasing reduction in fairness relative to p (®) given (h; ·; ¾) : Then, invoking the Fundamental Theorem of Calculus, we get:
where the inequalities follow from the fact that
q is utility increasing reduction in fairness relative to p given (h ± ·; ¾).
We now state the main result concerning interpersonal comparison of the intensity of the sense of fairness for the additive utility model. Theorem 3 Let (<; < F ) and
¡<
;< F ¢ be comparable preference-fairness relations with corresponding functions (h; ·; ¾) and ³ĥ ; ·;3´, respectively. The following conditions are equivalent:
(i) (<; < F ) possesses a stronger sense of fairness than
(iv) There exist f; g satisfyingĥ = f ± h,3 = g ± ¾ and
Similarly,
The equality < F =< F implies that for all p there exists ®(p) > 0 such that r¾ (p) = ®(p)r3 (p). Suppose that (iii) does not hold. Then there exists p 0 2 P and ®(p 0 ) 2 (0; 1) such that
Without loss of generality p 0 2 intP and there exists v 0 2 E (p) \Ê (p) satisfying¯v 0 2 E (p) \Ê (p) for all¯2 (0; 1) and ¡r¾ (p 0 ) ¢ v 0 > 0 (e.g., take v 0 = ¡tr¾ (p 0 ), for su¢ciently small t).
Next observe that, for¯small enough,
A contradiction of (ii). Thus, (ii) implies (iii).
(iii) ) (iv). Let f and g be de…ned byĥ
Hence, (3) and (iii) imply f
from the density of the set
First assume that h(·¢q)+¾(q) = h(·¢p)+¾(p) and ¾(q) = ¾(p). Hence, · ¢ q = · ¢ p and, by the comparability of < and<, q 2Â (p).
Assume therefore that this is not the case, i.e., h(· ¢ q) + ¾(q)¸h(· ¢ p) + ¾(p) and ¾(q) · ¾(p); where at least one of these inequalities is strict. Hence, · ¢ q > · ¢ p. By de…nition, q is utility increasing reduction in fairness relative to p given (h ± ·; ¾). Next we show that q is also a pathutility increasing reduction in fairness relative to p given (h ± ·; ¾). Let ¹ r = arg max r2I F (p) [h(· ¢ r) + ¾(r)] (¹ r is unique since the maximization is equivalent to maximizing the a¢ne function · ¢ r over I F (p), the boundary of a convex set). Without loss of generality q ¡ p and ¹ r ¡ p are linearly independent. We restrict attention to a plane H = p + span fq ¡ p; ¹ r ¡ pg. All intersections of indi¤erence sets of < (and<) with H are either singletons or one-dimensional curves. A property of the model is that, relative to H, if an indi¤erence curve of < (or of<) intersects with I F (p) then the intersection includes at most two points which are indi¤erent with respect to < S (see Figure 2) . Another property is that each line with constant value of · ¢ r has a unique point that maximizes < and moving towards this point monotonically increases <.
Place Figure 2 here
Assume that h(· ¢ ¹ r) + ¾(¹ r) > h(· ¢ q) + ¾(q). Letr;r 2 I F (p) \ I (q) \ H such thatr is between q andr (see Figure 1) . We need to consider several cases:
Case 1: Suppose thatr = p: Consider the connected path from p to q that belongs to I (p). We show that the value · ¢ r strictly increases along this path. If not, then there existq;q in the path such satisfying · ¢q = · ¢q. But the maximal point of < in the line satisfying · ¢ r = · ¢q is not between q andq (it belongs to B F (p)); a contradiction. Hence, · ¢ r increases and ¾ decreases along the path, which implies that q is path-utility increasing reduction in fairness relative to p given (h; ·; ¾). Using Lemma 2, q is utility increasing reduction in fairness relative to p given ³ĥ ; ·;3´and it belongs toÂ (p). Case 2: Suppose thatr 6 = p. Without loss of generality there exists a path in I F (p) from p tor along which ¾ is constant and both · ¢ r and < increase (if there is no such path then consider the pointp 2 I F (p) \ I (p); note that A (p) = A (p) andÂ (p) =Â (p)). Thus, it follows from Lemma 2 thatr is utility increasing reduction in fairness relative to p given ³ĥ ; ·;3´: By the same argument as before, q is utility increasing reduction in fairness relative tor given ³ĥ ; ·;3´: Hence, by transitivity of < and < F , q 2Â (p) :
Assume next that h(·¢ ¹ r)+¾(¹ r) < h(·¢q)+¾(q) (the case h(·¢ ¹ r)+¾(¹ r) = h(· ¢ q) + ¾(q) is handled similarly to the previous case with ¹ r instead ofr). Let r ¤ = arg min r2I(q) · ¢ r and consider the connected path from ¹ r to r ¤ that consists of all points that maximize ¾ on lines of the form · ¢ r = c, · ¢ ¹ r · c · · ¢ r ¤ . Obviously, along this path ¾ decreases and < increases. Finally, consider the connected path from p to q that consists of three parts: (1) a path in I F (p) from p to ¹ r along which < increases, (2) the path from ¹ r to r ¤ described above and (3) a path in I (q) from r ¤ to q along which ¾ decreases (de…ned similarly to the path fromr to q of the previous case). By Lemma 2, q is utility increasing reduction in fairness relative to p given ³ĥ ; ·;3´and q 2Â (p) :
Remark: As mentioned already, the restriction that the variations satisfy ¾ (p)¸¾ (p + v) is introduced for expository convenience. If we admit fairness-increasing variations (i.e., v that satisfy ¾ (p) < ¾ (p + v)) then the interpretation of the fairness premium is the minimal compensation in terms of self-interest an individual would require if he is to agree to restore the original (lower) level of fairness (it is the fairness premium with a negative sign). An individual with a stronger sense of fairness would insist on larger compensation and, consequently, his fairness premium will be larger in absolute terms. Hence, condition (ii) in Theorem 3 could have been written as: j ¼ (p; v) j¸j1 (p; v) j for all p 2 P and v that satisfy equation (2) without the restriction that ¾ (p)¸¾ (p + v) :
Remark: Similarly to the Arrow-Pratt measure of local absolute risk aversion, condition (iii) may be regarded as a local measure of the intensity of the sense of fairness. In other words, for "small" fairness-reducing variations of the allocation procedure this measure induces a complete ordering in the set of comparable preference relations. Condition (iv) is similar to Pratt's characterization of the notion of greater risk aversion by a concave transforamtion of the utility function.
Interpersonal comparisons without additivity
As previously described, Karni and Safra (2000) presented a more general model in which the fairness and sel…sh aspects of individual preferences over allocation procedures are decomposable but the utility representation is not separately additive. To extend our measures of interpersonal comparisons of the sense of fairness to the more general model we begin by observing that the notion of comparability of preference relations does not depend on the utility representation and that De…nition 1 is still applicable. Therefore the fairness premium is readily de…ned for the more general model. Generalizing equation (1), the equation
de…nes the set E (p). Similarly, generalizing equation (2), the equation
de…nes the fairness-premium ¼ (p; v). When the preference-fairness relations (<; < F ) and ¡< ;< F ¢ are comparable, then not only the representations of the self-interest but also the fairness component may be taken to be the same (namely, · =· and ¾ =3). The di¤erence in the intensity of the sense of fairness is then captured by the corresponding utility representations V andV . We denote by V i andV i , i = 1; 2 the corresponding partial derivatives of the utility functions with respect to their ith argument.
To set the stage for the next theorem we prove an analogue of Lemma 1.
Lemma 4 Let (<; < F ) and ¡< ;< F ¢ be comparable preference-fairness relations with utility representations V andV , respectively: If V 1 =V 2 ·V 1 =V 2 and q is path-utility increasing reduction in fairness relative to p given V then it is utility increasing reduction in fairness relative to p givenV .
Proof. Let q be a path-utility increasing reduction in fairness relative to p given V and let p (¢) be the path that connects them. (I.e., for all ® 2 (0; 1) ;
d® is an in…nitesimal utility increasing reduction in fairness relative to p (®) given V: Then, invoking the Fundamental Theorem of Calculus, we get:
where the …rst inequality follows from the condition in the hypothesis and the second inequality is a consequence of the fact that p (¢) is path-utility increasing and thatV 2 =V 2 > 0. Since ¾ =3; q is utility increasing reduction in fairness relative to p givenV :
The proof of the following theorem is omitted since it is based on the same reasoning as that of Theorem 3.
Theorem 5 Let (<; < F ) and ¡< ;< F ¢ be comparable preference-fairness relations with utility functions V andV , respectively. Assume that < and< are quasi-concave that the sets I (p) ; I F (p) andÎ (p) are connected, for all p. The following conditions are equivalent:
Note that condition (iii) of Theorem 5 generalizes conditions (iii) and (iv) of Theorem 3.
Remark: A useful diagrammatic depiction of our results is via the indi¤erence curves in a plane in which we measure the level of self-interest component, · ¢ p, on the horizontal axis and the corresponding level of fairness, ¾ (p), on the vertical axis. Since two distinct allocation procedures p and q correspond to the same point in this plane if ·¢p = ·¢q and ¾ (p) = ¾ (q) it is convenient to disregard the allocation procedures and focus instead on the levels of self-interest, denoted by s; and of fairness, denoted by ¾: The space P corresponds to the set T = f(k ¢ p; ¾ (p)) 2 R 2 j p 2 P g. The slope of the indi¤erence curves corresponding to V (s; ¾) is given by the marginal rate of substitution ¡V 1 =V 2 : If (<; < F ) and (<;< F ) are comparable then, by Theorem 5, (<; < F ) possesses a stronger sense of fairness than ¡< ;< F ¢ if and only if ¡V 1 =V 2¸¡V1 =V 2 : Thus, the indi¤erence curves in the (s; ¾) plane display a "single-crossing property" with the indi¤erence curves of the preference relation displaying a stronger sense of fairness, and have a less steeper slopes. This captures the fact that, starting from any initial position (s; ¾) 2 T; the individual whose sense of fairness is stronger is ready to make a greater sacri…ce, in terms of his self-interest, to attain the same increase in fairness relative to a comparable individual whose sense of fairness is less strong.
Comparability
Interpersonal comparison of the intensity of the sense of fairness requires that the individuals being compared have the same notions of fairness and selfinterest. Put di¤erently, comparable individuals agree on the ranking of any two allocation procedures according to their fairness and their self-interest (i.e., < F =< F and < S =< S ). That comparability in this sense is necessary for interpersonal comparisons is proved by counter-examples.
Example A:Suppose that < F 6 =< F ; then there exist p; q; r 2 P such that ¾ (p) = ¾ (r) > ¾ (q) ;3 (p) =3 (q) >3 (r) (see Figure 3) . Then, for the individual whose idea of fairness is represented by < F , ¼ (p; r ¡ p) = 0 < ¼ (p; q ¡ p) : For the individual whose idea of fairness is represented by< F , ¼ (p; q ¡ p) = 0 <1 (p; r ¡ p) : In other words, given the initial procedure, p, and the variations represented by q ¡ p and r ¡ p; the fairness premia satisfy1 (p; r ¡ p) > ¼ (p; r ¡ p) and ¼ (p; q ¡ p) >1 (p; q ¡ p) regardless of the cardinal properties of the representations. Hence, for such individuals it is meaningless to ask who has a stronger sense of fairness since the ranking of variations by the fairness premia re ‡ect the di¤erences in their notions of fairness rather than the intensity of their feelings.
Place Figure 3 here.
Example B: Suppose next that < S 6 =< S and < F =< F : Then there exist p; q; r 2 P such that Figure 4 in which the various level curves are the projections on the hyperplane de…ned by p + spanfq ¡ p; r ¡ pg). Clearly, r 2 A (q) ¡Â (q) and q 2Â (p) ¡ A (p) ; hence no preference relation can possess stronger sense of fairness than the other.
Place Figure 4 here.
Behavioral characterization
How strongly a person feels about a moral issue a¤ects his choice among alternative resolutions of that issue. The issue of fairness of an allocation procedure is no exception. It is interesting, therefore, to examine the behavioral characterization of our concept of possessing a stronger sense of fairness. Loosely speaking the behavioral characterization of possessing a stronger sense of fairness may be summarized as follows: When facing a choice among allocation procedures involving trade-o¤ between self-interest and fairness, one individual will choose a fairer allocation procedure than another if and only if he possess a more intense sense of fairness. This is analogous to the behavioral characterization of the relation "more risk averse than" in the theory of decision-making under risk. If there are only two assets, a risky asset whose expected rate of return is positive and a risk free asset whose rate of return is zero, then alternative portfolio positions represent trade-o¤ of expected return and risk. In this theory one individual is more risk averse than another if and only if, ceteris paribus, he always chooses a less risky portfolio-position.
The behavioral characterization of interpersonal di¤erences in the intensity of the sense of fairness is formalized in the following theorem.
Theorem 6 Let (<; < F ) and ¡< ;< F ¢ be comparable preference-fairness relations with utility functions V andV , respectively. Assume that < and< are quasi-concave and that the sets I (p) ; I F (p) andÎ (p) are connected, for all p. Then, (<; < F ) possesses a stronger sense of fairness than ¡< ;< F ¢ if, and only if, for every nonempty closed and convex set Q ½ P ,
Proof. Suppose that (<; < F ) possesses a stronger sense of fairness than ¡< ;< F ¢ . By Theorem 5, A (p) µÂ (p) for all p 2 P . Since Q is nonempty compact set and < and< are continuous, p (Q) andp (Q) exist. Moreover, the convexity of Q and of the strict quasi-concavity of the preference relations < and< imply that p (Q) andp (Q) are unique. If p (Q) =p (Q) then there is nothing to prove. Suppose therefore that p (Q) andp (Q) are distinct.
Sincep
is not empty. Observe next that, by de…nition, p (Q) 2 B (p (Q)) \Ŵ (p (Q)). We now show that B (p (Q)) \Ŵ (p (Q)) µ B F (p (Q)) : Suppose, by way of negation, that there is q 2 B (p (Q)) \Ŵ (p (Q)) and q = 2 B F (p (Q)) : Since the complement of B F (p (Q)) in an open set (relative to P ) then, without loss of generality we can assume that q 2
To prove the converse suppose, by way of negation, that there exist ¹ p such that A (¹ p) *Â (¹ p). By Theorem 5, there exist p 2 P; such that
Let H be the tangent hyperplane toV at p and let v 0 2 R n such that p + v 0 2 H \ P satisfying r¾(p) ¢ v 0 < 0; · ¢ v 0 > 0. Such v 0 exists since, without loss of generality, p is an interior point of P . By construction,
which implies
Consider Q = fp +¯v 0 2 P j¯¸0g and note that, by the quasi-concavity of < F , p Â F q for all q 2 Q that is di¤erent from p. But p (Q) 6 = p whilê p (Q) = p; a contradiction.
Concluding Remarks
We conclude with one additional observation concerning the de…nition of the fairness-premium and the notion of increasing sense of fairness. Our de…nition of fairness-premium involves a choice of a path in the space of allocation procedures along which the level of fairness is constant. An alternative approach is to de…ne the fairness-premium along the gradient of the self-interest component. Let (<; < F ) be represented by V and ¾: Given p 2 P , let E ½ (p) ½ R n be the set of variations v satisfying p + v 2 P , ¾ (p)¸¾ (p + v) ; and for which the equation
is valid for some ½. This equation de…nes a function ½ : [ p2P f(p; E ½ (p))g ! R.
Noting that k · k= 1, equation (6) can be rewritten as
For the purpose of interpersonal comparisons the two notions of fairness premium are ordinally-equivalent (i.e., for all p 2 P; and v 2 E (p) \Ê (p) \ E ½ (p) \Ê ½ (p) ; ¼ (p; v)¸1 (p; v) if and only if ½ (p; v)¸1 (p; v) ). Yet, the function ½ is di¤erent from the fairness-premium function ¼. Whereas ¼ is a measure of the self-interest foregone to restore the initial level of fairness, ½ measures the willingness to forego material self-interest in a direction in which both the self-interest and fairness components change. In Figure 5 we show that the fairness-premium function ¼ is more appropriate for our purpose. For all p; q 2 P and v p 2 E (p) \ E ½ (p) ; v q 2 E (q) \ E ½ (q) ; if · ¢ p = · ¢ q, · ¢ (p + v p ) = · ¢ (q + v q ), ¾ (p) = ¾ (q) and ¾ (p + v p ) = ¾ (q + v q ) then ¼ (p; v p ) = ¼ (q; v q ). In Figure 5 we show that it is not necessarily true for the function ½, as ½ (p; v p ) 6 = ½ (q; v q ) : To grasp this note that a move in the direction ¡· entails sacri…ces of self-interest but, depending on the initial allocation procedure, may involve a reduction or an increase in the level of fairness. More speci…cally, if < F is not symmetric it may be the case that ¾ (p ¡ ½·) ¡ ¾ (p) < 0 and ¾ (q ¡ ½·) ¡ ¾ (q) > 0:
Place Figure 5 here. 
